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1. INTRODUCTION 
In this paper we shall consider the problem of determining the maximum 
possible number &u, d) of k-faces of a d-polytope with u vertices. 
Throughout we shall follow the terminology of [6]. 
A cyclic polytope C(u, d) is the convex hull of ZI > d + 1 distinct 
points on the moment curve Md in d-dimensional euclidean space Ed, 
which is represented parametrically by 
Md = ((t, P,..., td)EEd( --co <t < a>. 
We writef;,(u, d) for the number ofj-faces of C(u, d). Motzkin ([12]) has 
made the following conjecture: 
UPPER-BOUND CONJECTURE. Forallv>d>j31,pj(u,d)=J;(u,d). 
Various cases of the upper-bound conjecture have been proved by 
Fieldhouse [4], Gale [5], Klee [9, lo], and Griinbaum [6,7]; for complete 
references to the literature on the subject, the reader should consult 
[6, $10.11. 
We shall extend here the results of Klee [9, lo] and Griinbaum [6], 
which show that the upper-bound conjecture hold for faces of certain 
dimensions provided the number v of vertices is sufficiently large. We 
shall prove 
THEOREM I. The Upper-bound Conjecture holds for (n +p):faces of 
d-polytopes with v vertices provided 
(1) d = 2n and z~>~z-p--2+*n(n+ l), 
or 
(2) d = 2n + 1 and v >, n - p - 2 + *(n + l)(n + 2). 
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The cases p = 0 and p = d - n - 1 are due to Griinbaum [6] and 
Klee [lo], respectively. Klee also showed in [lo] that the upper-bound 
conjecture holds if u is sufficiently large, though he made no estimate 
as to the size of the minimal such v. 
The author wishes to thank Professors G. C. Shephard and J. R. Reay 
for many kind and helpful comments during the preparation of this paper. 
2. THE DEHN-SOMMERVILLE EQUATIONS 
The procedures of pulling or pushing the vertices of a polytope 
(described in [6,Q5.2]) enable us to change any d-polytope into a simplicial 
d-polytope ([6, $4.51; all the proper faces are simplices) with the same 
number of vertices, and, for 1 <<j < d - 1, at least as many j-faces. 
Thus as far as determining the upper-bound for the number h = f,(P) of 
j-faces of a d-polytope P with a given number u of vertices is concerned, 
we may restrict our attention to simplicial polytopes. 
The advantage of using simplicial polytopes is that the numbers of 
their faces satisfy the Dehn-Sommerville equations 
(3) &cd : z(-l)‘(: 1 ;)fj = (-I)“-‘.fi, -1 < k < d - 1, 
where we writef_, = 1, corresponding to the empty face o . (The equations 
were found by Bruckner [l, 21, Dehn [3], and Sommerville [14], and 
rediscovered independently by Klee [9, lo]; see also [6, $9.21.) The case 
k = -1 is just the Euler equation (see [6, $8.61 for the history of this 
equation). 
We shall follow the idea of Klee’s proof [lo] of the case k = d - 1 of 
the upper-bound conjecture (for sufficiently large v), and solve the Dehn- 
Sommerville equations forfn ,..., f& (n = [d/2]) in terms off-, ,..., fnel . 
The stronger results of this paper depend upon proving that in the 
solutions, which take the form 
(4) 
the coefficients c+$ alternate in sign, that of ~l*,~-~ being positive. We shall 
show in fact 
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THEOREM 2. The Dehn-Sommerville equations Ekd (-1 < k < d - 1) 
have solutions as,follows. For 0 <p < d - n - 1, 
(5) d = 2n: 
n-1 
f n+p = C C-1)” p 1; T 1 x(n - 1, P, q).fLl 9 
q=0 
(6) d=2n+l: 
f %+%I = i (- 1)” ; ‘i”, : ; x(4 P> q)fn-n-1 3 
q=o 
where,for 0 < p < n, 0 < q < n, 
(7) X(4P7 4) = S;. ( 
n-s n-s+q+l 
p )( 1 n+1 . 
We shall always adopt the convention that the binomial coefficient 
(i) is zero unless 0 < b < a. 
To solve the equations Ekd, we adapt a method devised by MacDonald 
[I 11. We write 
(8) f(t) = 1 -for +ht” - ... + (--l)df&td, 
a polynomial in the indeterminate t. If we multiply the equation E,” by 
-(-t)k+l, sum over k, and rearrange the terms on the left side of the 
equation, we see that the Dehn-Sommerville equations are equivalent to 
the single relation 
(9) f(1 - t) = (-l)“f(t). 
We consider first the case when d = 2n is even; equation (9) is then 
f( 1 - t) = f(t). Comparing the coefficients of t2+l gives 
and so 
.L2 = nL1 , 
g(t) =m - (-O”hn-1w - v 
is a polynomial of degree 2n - 2 satisfying the relation g(l - t) = g(t). 
We conclude (by induction on the degree) that we can writef(t) = F(U), 
where u = t(1 - t), and 
F(u) = 1 - b,u + b,z.? - ... + (-1)” bn--lu7z. 
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Comparing the coefficients of tr+l in these two expressions forf(r) yields 
(11) O<r <2n- 1, 
where conventionally we write fpl = 1 = b-, , and b, = 0 for s >, n. 
In particular, when r = n + p and p > 0, this is 
(12) fn+2, = & (p ;k : l) L--l . 
We now find expressions for b, ,..., b,-, in terms of f0 ,..., fnml . We 
could, of course, solve directly equations (11) for 0 < Y < n - 1, but 
MacDonald has suggested the following shortcut. The coefficient of rP+r 
in F(U) is (-l),+l b, , and so regarding u as a complex variable, we have 
from Cauchy’s integral formula 
(-l)s+l b, = & j- .i!@ du, 
c l4s+2 
where C is a small circuit around the origin. Substituting ZI = r(1 - t ) 
(so that du = (1 - 2t) dt) gives 
for some small circuit Cl, which is just the coefficient of tS+l in 
fM1 - 2t) S(t) tf (t) 
(1 - t)5+2 (1 - tp+1 (1 - t)s+2 . 
(Questions of convergence do not really arise here; they may easily be 
avoided by restricting attention to the open unit disc 1 t / < 1.) So, for 
O<s<n-I, 
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Substituting (13) (for s = n - k - 1) in (12) yields 
f n+cz = z. (p ;k “t 1) z. C-l)’ n ,i, k (” - k ; l + ‘) fn+k-l 
= x0 (--1)* 1 c C-1)” (, r, I; ]) 3 (” + y- 2k)1fn+l 
?G>O 
= ,io (-llV ,;,tl j~~-l,q~~+ yy,“] 
k>O 
i 
n-k 
x p+k+l Ii n ; "-Ii '-, 2k )I 
f?l-Q-1 
= *p)* ,Lz 1 /,,(I,%‘;,” l~(“+;~lk-2k) 
(14) + ( I2 
With a little extra expenditure of effort, it is possible at this stage to 
find a slightly more simple form of these solutions. However, as we shall 
see later, (14) is a convenient starting point for a rather more radical 
simplification. 
The calculations are very similar in the case when d = 2n + 1 is odd. 
With the same notation as was used above, we now havef( 1 - t) = -f(t), 
and so t = 4 is a zero off(t). Hence we can write 
f(t) = (1 - 2t) g(t), 
and g(l - t) = g(t). Using the same induction argument as before, 
we see that 
(15) f(t) = (1 - 2t)F(u), 
where u = t(1 - t), and F(u) is as in (10). (Setting t = 0 in (15) shows 
that the two sides are equal, rather than one being some other constant 
multiple of the other.) Comparison of the coefficients of tr+l on both 
sides of (15) gives, for 0 < r < 24 
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with the same conventions for fPl, b-, , and 6, (s > n) as before. In 
particular, when r = n + p and p 3 0, this is 
(16) 
As in the case of even d, we now find expressions for b, ,..., bnel in terms 
off0 ,...,& . This time the calculations are a little easier. Since (- l)s+l b, 
is the coefficient of uSfl in F(u), we have 
(- l)“+l b, = & 1, $ du. 
Substituting u = t(1 - t), and recalling that f(t) = (1 - 2t) F(u) ((15)), 
we deduce 
which is the coefficient of tsfl in 
f(t) 
(1 - t)s+2 . 
HenceforO <s <n - 1, 
(17) b, = & (- l)j (” + ; + ‘) fs-j . 
Substituting (17) (with s = n - k - 1) in (16) yields 
x n-l-q--k ( q--k “fin-1 
n+p+2 ];o(Ml)q n---k+1 . q--k 
n--p--k n-k+1 
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We can summarize the solutions of the Dehn-Sommerville equations as 
follows. Let 
XhP? 4) = k;. C-1)” [(; ; ; ; :)(nnr4,y2;) 
(19) 
+ (5:; p)i” “, “,‘“fl* 
Then, for 0 < p < d - n - 1, (14) and (18) are precisely equal to the 
relations (5) and (6), respectively, in the statement of Theorem 2. 
All that remains now is to show that the two expressions (7) and (19) 
for x(n,p, q) are equivalent. We use the following relation between 
binomial coefficients, 
(20) 
to rewrite (19) in the form 
We adopt the temporary notation 
(22) $(k u, w) = (-l)k (” p t; “)(” + ;_2kk - “), 
SO that (21) is 
xh PY 4) = c 1 c c w, 0, 4 + gJ(k, 0, o,/, 
k>O v>o to>1 
which may clearly be rearranged as 
c $(k, u, w). 
k>O w>lv>w+l 
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We express (23) alternatively as follows. In the first term we let 
s = k + v, and in the second s = k + w, and we further rearrange the 
sums. We then obtain 
XhP>d= 1 i c #(k,s-k,w) 
1 s>O k=O w>s-k 
s-1 
+ c c +%k 2s s - k) 
k=O u% s-k+1 
(24) 
= x0 p. z-, WY s - k, w) 
+ i c z,b(k- l,ti,s--k+ 
I;=1 zi>s-k+2 
Substituting for #(k, v, w) from (22) and using (20) again, yields 
w~~kW~s--k,w)= 1 (-1,k(;,3(“+qn~‘,“-w) 
(25) ’ 
to> s-k 
Similarly, 
v>;k+, W - 1, r, s - k + 1) 
(26) = 
= -(-l)k(Bl”k)(“+,“‘:,~-k). 
Noticing that (25) and (26) are, apart from a difference in sign, identical, 
we see that upon substituting them in (24), the terms for 1 < k < s 
cancel in pairs, leaving only the contribution from k = 0 in the first term. 
That is, 
which is just (7). 
This completes the proof of Theorem 2. 
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It is possible to solve the Dehn-Sommerville equations in different ways; 
much work on this subject has been done in recent years, particularly 
because of the applications of the equations to the upper-bound conjecture. 
Sommerville himself found another formulation of the equations (1141, see 
also [6, Theorem 9.22]), and the equations have been solved in different 
ways by Fieldhouse ([4], see [6, 99.51) and Klee [9, lo]. Riordan [13] has 
also found various recurrences and other interrelations between the 
coefficients in the solutions, and expressions for the fj of even index in 
terms of those of odd index, and vice versa. 
3. THE UPPER-BOUND CONJECTURE 
We shall now use the new solutions of the Dehn-Sommerville equations 
obtained in the previous section to establish Theorem 1. We first introduce 
a more general formulation of the upper-bound conjecture. 
Let k > 1 be an integer. We say that a d-polytope P is k-neighborly 
if every subset of k vertices of P is the set of vertices of a (proper) face 
of P [6, $7.11. It can be shown that the subsets of k vertices of a 
k-neighborly polytope are the sets of vertices of (k - I)-faces of P, which 
must therefore be (k - I)-simplices [6, Theorem 7.1. I], and hence 
that P is k*-neighborly for each k* such that 1 < k* < k [6, Theorem 
7.1.21. A d-polytope which is not a simplex can be at most [d/2]-neighborly 
[6, Theorem 7.1.41; we shall say that a [d/2]-neighborly d-polytope is 
neighborly. 
It is clear that the numberh ofj-faces of a polytope P with v vertices 
satisfies 
(27) 
and it is also clear that equality is attained in (27) for 1 < j < k - 1 
if and only if P is k-neighborly. In particular, if the d-polytope P is 
neighborly, then 
where, as usual, n = [d/2]. It follows at once from the solutions (5) and 
(6) of the Dehn-Sommerville equations that all simplicial neighborly 
d-polytopes with v vertices have the same number of j-faces for each 
dimension .j; since the cyclic polytope C(v, d) is neighborly [6, Theorem 
4.7.11, this number is justh(v, d). 
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The upper-bound conjecture may now be stated in the following 
stronger form: For all v > d > j > 1, the number fj of j-faces of a d- 
polytope P with v vertices satisfies 
with equality if and only if P is simplicial and neighborly. 
To prove the cases of the upper-bound conjecture of Theorem 1, we 
first need a lemma of Klee [lo]. 
LEMMA. Let P be a d-polytope with v vertices, and let h (0 <j < d, 
f. = v) denote the number of its j-faces. Then for 1 <j < d, 
with equality if and only if P is (j + I)-neighborly. 
For the sake of completeness, we shall sketch a proof of the lemma. 
A j-face Fj of P has at least j + 1 (j - I)-faces, with equality if and only 
if Fi is a j-simplex. On the other hand, a (j - 1)-face Fj-l of P, with 
fo(Fj-‘) vertices, is contained in at most v - f”(Fj-‘) j-faces, since each 
j-face containing Fi-l contains at least one vertex of P which is not a 
vertex of Fj-‘. Since f,(Fj-‘) > j, with equality if and only if P-l is a 
(j - 1)-simplex, the inequality of the lemma follows at once. 
In order that equality be attained, it is necessary that every (j - I)-face 
of P be contained in exactly v - j j-faces, and it is not hard to see that 
this implies that every subset of j + 1 vertices of P is the set of vertices of 
a j-face of P; that is, P is (j + I)-neighborly. This completes the proof 
of the lemma. 
We now consider the case d = 2n + 1 of Theorem 1. As previously 
noticed, we may restrict our attention to simplicial polytopes, and we have 
seen in Theorem 2 that the relationships between the numbers of faces 
may be written, for 0 < p < n, 
where 
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We now follow the procedure devised by Klee in the case p = n. Using 
the inequalities (29) of Klee’s lemma, with j = II - q - 1 and q even, 
we deduce that 
(30) 
- 
fn+ll G (n + P + 2) ,e;n 1 px,“T;f’l 
n--9 
u--n+q+1 
. xh P, 4 + 1) f _ _ 
p+q+2 I 
n " 1' 
If all the coefficients in the expression (30) are non-negative, which will 
clearly be the case if u is sufficiently large, then we can substitute the 
upper bound (27) 
fn-e-1 G ( u n-q ), 
to obtain an upper bound for fn+p. Since all the inequalities become 
equations if and only if the corresponding polytope is neighborly, we see 
that the upper bound will be attained exactly for simplicial neighborly 
polytopes, which will prove the appropriate cases of the upper-bound 
conjecture. 
To obtain an exact lower bound for the number v of vertices for which 
this method establishes the truth of the upper-bound conjecture, we must 
investigate the sign of 
(31) 
x(n,P, 4) n-q xh PY 4 + 1) 
p+4+1 v-n+q+l’ p+q+2 ’ 
for (even) q > 0, and find the minimal value of v which makes (31) 
non-negative for each q. We proceed as follows: We can rewrite (31) in 
the form 
n n+q+l 
( I( P n+l 1 
p+4+1 
n 
n-q ( Ii P 
It ;t; ‘) + (” p ‘)(n ;q ‘) 
- 
v-n+q+l I P-l-4-+2 1 
n-s 
( 1 
n-s-l 
+s$l(“-;;;l+l lJ 
)I 
n--9 ( P 1 
p+q+1- 1 v--n+qfl p+q+2 ’ 
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which clearly is non-negative provided that each of the following terms is 
non-negative: 
(32) 
v-n+q+l 
p+q+l 
n-q p+q+q 1 *;IJ 1, 
p+q+2( q-t1 
(33) 
v--n+q+1 n-q . n-s-p 
Ps-q+l p+q+2 n-s ’ 
s 3 1. 
In fact, if (32) is non-negative, so is the term (33) for s = 0. Now (33) 
increases with s, for 
n-s-p =&AL- 
n-s n-s 
decreases as s increases. So, it is enough to consider (33) for s = 0, and 
so enough to consider (32). The sign of (32) is that of 
u-n+q+1-(n-q)~~~~~/n~~~2 +J-$f-( 
n-q p+q+l =u-n+q+l-Ye 
q+l 
. (2n - PI4 + n(n + 3) - p 
p+q+2 
n-q p+q+l =v-n+q+l-yn 
q+l 
. 2n _ p + n(n + 3) - (2n -P - l)(p + 2) + 2 1 
I p+q+2 
But, for 0 <p < II, (2n -p - l)(p + 2) takes its maximum value when 
p = n - 3, and so 
h = n(n + 3) - (2n -p - l)(p + 2) + 2 
3 n(n + 3) - (n + 4)” + 2 > 0. 
Thus as q increases, each of the terms 
n-q P+4+1 11 
n ’ q+1 ’ p+q+2 
decreases, and so, since v - n + q + 1 increases with q, the whole 
term (32) also increases with q. Hence it takes its minimal value when 
q = 0, and so (32) (and hence also (31)) is always non-negative provided 
that 
P+l v-n+l-p p+2 W+4+n-p) 20; 
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that is, if 
PSI v>n-l+---- p + 2 (n” + 3n - PI 
P+l =n-p-2+$- p + 2 (n + I)@ + 21, 
which is the value given in Theorem 1. 
The reasoning in the case d = 2n is very similar. The solutions of the 
Dehn-Sommerville equations in this case are, for 0 < p < n - 1, 
and proceeding exactly as in the case d = 2n + 1, we see that the upper- 
bound conjecture holds if we choose v so large that the terms 
are all non-negative. We see at once that, apart from the positive factor 
n - q, (34) is just the same as (31) if n, v are replaced by n - I, v - 1, 
respectively. We conclude that the upper-bound conjecture holds provided 
that 
P+l v >, n - p - 2 + p+2 n(n + I), 
as asserted in Theorem 1. 
This completes the proof of Theorem I. 
4. CONCLUDING REMARKS 
It is not hard to see that the lower bound for the values of o for which 
the upper-bound conjecture holds, given by Theorem I, cannot be 
improved using the methods of the previous section. The proof finally 
reduced to considering the term (32) for q = 0, and in this case the 
corresponding terms (33) are absent. 
In [7] Grtinbaum has used a more involved inequality between the 
numbers of faces of a simplicial polytope, namely, 
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where j > 1 and fj > 0, to improve the lower bound for v by 1 in the 
cases p = 0 and p = d - n - 1. It is probable that a similar improvement 
is possible in the remaining cases also, but so far the author has been 
unable to prove this. 
Note added inprooj? (April 1911). The author has proved the upper-bound conjecture 
for polytopes ([lla]). However, the methods of [lla] do not apply to the equally in- 
teresting case of combinatorial spheres (see [S]), for which the conjecture is still open, 
whereas the arguments used above are still valid, with purely formal changes in ter- 
minology. 
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